A comprehensive treatment of electromagnetic interactions and the
  three-body spectator equations by Adam, Jr., J. & Van Orden, J. W.
ar
X
iv
:n
uc
l-t
h/
04
10
03
0v
1 
 6
 O
ct
 2
00
4
JLAB-THY-04-281
A comprehensive treatment of electromagnetic interactions and
the three-body spectator equations
J. Adam, Jr.(1), J. W. Van Orden(2,3)
(1) Nuclear Physics Institute, Czech Academy of Sciences,
CZ-25068 Rˇezˇ n. Prague, Czech Republic
(2) Jefferson Lab, 12000 Jefferson Avenue, Newport News, VA 23606
(3) Department of Physics, Old Dominion University, Norfolk, VA 23529
(Dated: December 22, 2018)
Abstract
We present a general derivation the three-body spectator (Gross) equations and the correspond-
ing electromagnetic currents. As in previous paper on two-body systems, the wave equations and
currents are derived from those for Bethe-Salpeter equation with the help of algebraic method using
a concise matrix notation. The three-body interactions and currents introduced by the transition
to the spectator approach are isolated and the matrix elements of the e.m. current are presented
in detail for system of three indistinguishable particles, namely for elastic scattering and for two
and three body break-up. The general expressions are reduced to the one-boson-exchange approx-
imation to make contact with previous work. The method is general in that it does not rely on
introduction of the electromagnetic interaction with the help of the minimal replacement. It would
therefore work also for other external fields.
PACS numbers: 11.10St,13.40.-f,21.45.+v,24.10.Jv
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I. INTRODUCTION
Exposing few nucleon systems to medium energy (∼ 1GeV) electromagnetic probes re-
quires a relativistic description of initial and final states as well as of the reaction mechanism.
The relativistic effects are usually included in perturbative way [1], but even at leading order
one has to include large number of terms into NN potential and electromagnetic current,
while the convergence of the series in v/c ∼ p/m becomes questionable. The conceptually
cleaner alternative is to start from an explicitly covariant formulation. A number of covari-
ant techniques has been introduced and studied extensively for the case of the simplest two
nucleon system, in particular in calculations of the elastic e.m. deuteron form factors [2] and
in deuteron electro- and photodisintegration [3].
In the present paper we adopt the spectator (or Gross) quasipotential approach [4, 5].
It reduces four dimensional integrals over loop momenta to their more treatable three di-
mensional form in explicitly covariant way by picking up the poles of nucleon propagators.
This simplifies an analytic structure of dynamic equations and leads to closer approximation
to full result compared to the Bethe-Salpeter ladder approximation. A set of realistic one-
boson-exchange potentials were constructed within the formalism, giving a fair fit to NN
scattering data and deuteron properties [6]. It was found that the model gives very good
description of the elastic deuteron form factors [2, 7]. Three nucleon spectator equation with
those realistic potentials was solved by Stadler and Gross [8] and the normalization condition
for the 3N bound state amplitudes was derived [9]. The first calculation of electromagnetic
break-up of 3N bound state are in progress.
In order to calculate this process it is necessary to determine the correct effective elec-
tromagnetic current operator to be used with the three-body spectator equation. So far
this problem has been approached in two ways. The first of these is the elegant method of
Kvinikhidze and Blankleider [10, 11, 12] that gauges the integral equations which describe
the strongly interacting system in order to obtain the electromagnetic current matrix ele-
ments for various processes. The second approach is that of Gross, Stadler and Pen˜a [13]
which uses an approach based on a diagrammatic description of the three-body system and
relies heavily on the gauging approach. These two approaches lead to identical results once
differences in organization are accounted for. In both of these papers certain assumptions
are inherent in the results that are presented [13]. In both cases, no explicit three-body
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forces are included and the results implicitly assume that the interaction kernels are given
by the one-boson-exchange approximation.
In a previous paper [14] we pursued a different strategy to obtain a general derivation of
the e.m. currents for the two-body Gross equation. The starting point was the organization
of the corresponding Feynman amplitudes into 2N Bethe-Salpeter equation and factorization
of five point Green function (with the external e.m. field). The spectator equations were then
obtained by separating the propagator of one of the two particles into a piece containing only
the on-shell positive-energy contribution and a remainder. The Bethe-Salpeter amplitudes
are then rearranged into integral equations which contain only the on-shell propagator and
a quasipotential equation which sums all of the off-shell contributions. The electromagnetic
current consistent with this rearrangement was derived with the help of operator algebra,
which defines the products of singular operators and represents an useful shortcut alter-
native to pole analysis of the Feynman diagrams. We have shown that this definition is
consistent with gauge invariance when a necessary truncation of the strong kernel is applied
in any finite order of quasipotential decomposition and in a number of meson exchanges
involved. The main aim of the present paper is to extend this treatment to 3N spectator
equation and to derive general expressions for electromagnetic matrix elements needed for
the future application to actual calculation of the electromagnetic properties of relativistic
three nucleon systems.
For convenience, Sec. II contains a brief review of the application of this approach to the
two-body system.
The starting point of the analogous development for three-body systems is a description
of the three-body Bethe-Salpeter amplitudes given by four-dimensional integral equations
that iterate kernels consisting of all three-body irreducible contributions to the six-point
function. The currents consistent with these kernels can be obtained either by attaching a
photon to all internal particle propagators in a diagrammatic representation the kernels, or
by use of the gauging method [12]. Section III contains a review of the three-body Bethe-
Salpeter equations and current including contributions from two- and three-body kernels
and currents. Since the three-body spectator equations are defined only for three identical
particles a discussion of the three-body equations for identical particles is given in Sec. IIIC.
Before using our approach to obtain the spectator equations, it is convenient to use the
symmetry of the various Faddeev amplitudes to limit the number of channels that explicitly
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appear in the equations. We found that it is most convenient to do this in the context of
a matrix representation of the channel space. Appendix A describes the matrix method for
three distinguishable particles and Appendix B describes the case of identical particles and
show how to reduce the problem to two channels.
Section IV applies the operator technique to the two-dimensional matrix representation
of the Bethe-Salpeter equation to obtain the corresponding spectator equations for the t-
matrix and wave functions, and obtains an expression for the corresponding effective current
operator. Some care is taken to separate two-body quasipotential and scattering matrix
contributions from three-body contributions that are generated by the transformation from
the Bethe-Salpeter to the spectator equations. These contributions can occur even if there
are no explicit three-body Bethe-Salpeter interactions.
In Sec. V we show how the general expressions obtained in Sec. IV can be reduced to the
case of the one-boson-exchange approximation for the Bethe-Salpeter kernels and currents.
This gives results identical to those of Gross, Stadler and Pen˜a; and, by extension, to those
of Kvinikhidze and Blankleider.
II. REVIEW OF THE TWO-BODY EQUATIONS
The motivation for the arguments that we present below for constructing the three-
body electromagnetic current matrix elements for the three-body spectator equation is best
illustrated by providing an outline of the arguments that appeared in our previous paper
[14] for obtaining the equivalent expressions for the two-body spectator equation.
First consider the two-body Bethe-Salpeter equation for two particles interacting by the
exchange of a boson. Examination of all of the diagrams contributing to the two-body t-
matrix (the four-point vertex function) allows to show that the sum of all contributions to
the t-matrix can be represented by an integral equation of the form
M = V − V GBSM , (1)
where the kernel of the equation V is the sum of all two-body irreducible diagrams, and where
GBS = −iG1G2 is the free two-body Bethe-Salpeter propagator. The formalism reviewed in
this section and further developed in this paper for three particle systems is restricted to the
energies below particle production threshold. That is, the propagation of the constituents is
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approximated by free Green’s functions with the physical mass and the phenomenologically
dressed interaction vertices are assumed, i.e., explicit loops dressing two- and three-point
Green’s functions and their renormalization are not considered. The two-body interacting
propagator (four-point propagator) can then be written as
G = GBS −GBSMGBS = GBS −GBSV G = GBS − GV GBS . (2)
This propagator contains all of the information about the two-body system and the bound
and scattering states wave functions can be obtained from the singularities of this propagator.
By looking for sub-threshold poles in the propagator the bound state Bethe-Salpeter wave
function can be determined to be
|ψ〉 = GBS |Γ〉 , (3)
where |Γ〉 is the bound-state Bethe-Salpeter vertex function which satisfies the equation
|Γ〉 = −V GBS |Γ〉 . (4)
The pole in the propagator associated with the two incoming particles being on mass shell
gives the scattering wave function with outgoing wave boundary conditions
∣∣ψ(+)〉 = (1−GBSM) |p1, s1;p2, s2〉 (5)
and the corresponding pole for the outgoing particles gives the conjugate scattering wave
function with incoming wave boundary conditions
〈
ψ(−)
∣∣ = 〈p1, s1;p2, s2| (1−MGBS) . (6)
All of the wave functions satisfy the wave equation
G−1 |ψ〉 = 0 . (7)
The relationship of the two-body interacting propagator to the wave functions implies
that we can obtain all of the necessary information concerning the electromagnetic currents
for this system in one-photon-exchange approximation by examining all Feynman diagrams
contributing to a five-point propagator with one photon leg and four interacting particle
legs. This five-point propagator can be written as
Gµ = −GJ µG (8)
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by defining the current operator
Jµ = iJµ1G
−1
2 + iJ
µ
2G
−1
1 + J
(2)µ
12 , (9)
where Jµi is the one-body current operator for particle i and J
(2)µ
12 is the two-body current
composed of all two-body irreducible diagrams involving the absorption of a photon. Any
current matrix element can then be obtained by picking out the poles in the initial and final
interacting propagators corresponding to either bound or scattering states. This current
operator satisfies the Ward-Takahashi identity
qµJ
µ =
[
e1(q) + e2(q),G
−1
]
, (10)
where qµ is the photon momentum, et(q) is the product of the charge et for particle t (which
might be an operator in isospin space) and a four-momentum shift operator defined such
that
〈p′t|et(q)|pt〉 = et(2pi)
4δ4(p′t − pt − q) . (11)
This along with the wave equation guarantees that the current will be conserved for all
possible two-body matrix elements.
The spectator or Gross equation (for distinguishable particles) can be obtained from
the Bethe-Salpeter equation by substituting a two-body noninteracting propagator g1 with
particle 1 on mass shell for the Bethe-Salpeter propagator GBS . The t-matrix will remain
unchanged if it is written as a pair of coupled equations
M = U − Ug1M (12)
and
U = V − V∆g1U , (13)
where the new kernel U is called the quasipotential and ∆g1 = GBS − g1.
In [14] it was shown that there exist a set of relationships for the spectator scattering
matrix, propagators, wave functions and currents which are of the same form as those given
above for the Bethe-Salpeter equation and that an effective current operator can be derived,
satisfying a Ward-Takahashi identity which leads to current conservation when used with
the spectator wave functions. For identical particles the formalism can be represented in a
compact and transparent matrix notation.
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We will now show that a similar organization can be obtained for the three-body Bethe-
Salpeter and Gross equations. We will do this assuming that there may be explicit three-
body interactions in addition to two-body interactions and will obtain expressions for the
three-body Gross equations and effective currents which can be expanded to arbitrary order.
III. THREE-BODY BETHE-SALPETER EQUATION
A. Three-body t-matrix and wave functions
The three-body Bethe-Salpeter equation can be motivated in much the same way as in the
two-body case. Examining the Feynman diagrams contributing to the three-body t-matrix
it is possible to separate them into two categories, three-body reducible and irreducible
diagrams. The irreducible diagrams fall into two classes, those where only two of the three
particles are interacting and those where all three particles are interacting. The sum of all
irreducible diagrams can then be written as
V = V 0 +
3∑
i=1
V iiG−1i = V
0 +
3∑
i=1
V i , (14)
where V 0 is the sum of all three-body irreducible diagrams where all three particles are
interacting and V i is the sum of all diagrams where only particles j and k (with j 6= k 6= i)
are interacting. That is V 0 is a three-body interaction and V i is a two-body interaction.
The three-body t-matrix can then be written as
T = V − VG0BST = V − T G
0
BSV , (15)
where the three-particle free propagator in terms of the individual propagators reads G0BS =
−G1G2G3.
The three-body Bethe-Salpeter six-point Green function is then given as:
G = G0BS −G
0
BSVG = G
0
BS − GVG
0
BS
= G0BS −G
0
BST G
0
BS . (16)
Obviously, the inverse three-body propagator is
G−1 = (G0BS)
−1 + V . (17)
7
It is convenient to introduce the Faddeev decomposition of the full t-matrix into subam-
plitudes T ij,
T =
3∑
i,j=0
T ij , (18)
where the indices i and j characterize the subamplitudes according to the character of the
last and first interactions; ie., for i 6= 0 (j 6= 0) , the particles i (j) are not taking part in
the last (first) interaction, i = 0 (j = 0) means that the last (first) interaction is genuine
three-particle interaction. The subamplitudes T ij satisfy the following integral equations
(see also ref. [9])
T ij = V iδij − V
iG0BS
3∑
k=0
T kj . (19)
For numerical solution it is more appropriate to re-write these equations in terms of two-
body and three-body t-matrices which subsume the corresponding interaction kernels [8]:
M i = V i − V iGiBSM
i , (20)
where M i is the two-body scattering matrix and GiBS = −iGjGk = iG
−1
i G
0
BS ; and
M0 = V 0 − V 0G0BSM
0 , (21)
iterates to all orders the three-body interaction . The subamplitudes for three-body Bethe-
Salpeter equation for distinguishable particles can be written as
T ij = M iiG−1i δij −M
iGiBS
3∑
k=0
BikT
kj
= Miδij −M
iG0BS
3∑
k=0
BikT
kj , (22)
where Bik = 1− δik and M
i are defined in terms of M i as in eq. (14).
As in the two-body case, the three-body Bethe-Salpeter wave functions can be obtained by
examining the residues of poles in the interacting three-body propagator. The wave function
for a three-body bound state with mass MB is related to the residue of the propagator at a
pole corresponding to P 2 =M2B, where P is the total momentum of the three-body system.
From the resolved form of the propagator, it is clear that this is due to a pole in the t-matrix.
The three-body bound state vertex function is related to the residue of the t-matrix at this
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pole so that the t-matrix reads
T = −
|Γ〉 〈Γ|
M22 − P
2
+R . (23)
Using this in the t-matrix equation, the vertex function can be shown to satisfy the equation
|Γ〉 = −VG0BS |Γ〉 . (24)
The interacting three-body propagator can be written as
G =
G0BS |Γ〉 〈Γ|G
0
BS
M22 − P
2
+G0BS −G
0
BSRG
0
BS . (25)
The bound-state wave function is defined as
|Ψ >= G0BS |Γ〉 , (26)
which satisfies the wave equation
G−1|Ψ >= 0 . (27)
The bound state vertex and wave functions are decomposed into their Faddeev components:
|Γ > =
3∑
i=0
|Γi > , (28)
|Ψ > =
3∑
i=0
|Ψi > , (29)
defined by dynamical equations
|Γi > = −V iG0BS|Γ > , (30)
(G0BS)
−1 |Ψi > = −V i|Ψ > , (31)
where i = 0, 1, 2, 3.
The scattering states can be obtained from (16). Since G0BS has poles at the on-shell
masses of particles with plane-wave residues, isolating the poles for the right-hand propa-
gators in (16) gives the three-body scattering wave function with outgoing-wave boundary
conditions ∣∣Ψ(+)〉 = (1−G0BST ) |p1, s1;p2, s2;p3, s3〉 , (32)
while doing so for the left-hand yields the conjugate scattering wave function with incoming-
wave boundary conditions.
〈
Ψ(−)
∣∣ = 〈p1, s1;p2, s2;p3, s3| (1− T G0BS) , (33)
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where
|p, s〉 =

 u(p, s) |p〉 for spin =
1
2
|p〉 for spin = 0
(34)
The Faddeev components of the three-body scattering wave function are given by
〈
Ψ(−)i
∣∣ = 〈p1p2p3|Q1Q2Q3
(
1
4
−
∑
k
T kiG0BS
)
. (35)
In order to extract the scattering states where two of the particles are bound and the
other is in the continuum, the propagator eq. (16) is rewritten using (22) as
G = G0BS −G
0
BS
3∑
j=0
T 0jG0BS
−
3∑
i=1
3∑
j=0
[
GiBSM
iiGiG
i
BSδij −G
i
BSM
iiGiG
i
BS
3∑
k=0
BikT
kjG0BS
]
. (36)
The last term in this expression contains the two-body scattering matrices which have poles
corresponding to the two-body bound states and can be represented by
Mi = −
∣∣Γ(2)i〉 〈Γ(2)i∣∣
M22 − P
i2
+R (37)
where
∣∣Γ(2)i〉 is the two-body bound-state vertex function for the pair of interacting particles
j and k (j 6= k 6= i), M2 is the mass of the two-body bound state and P
i is its total
momentum. This term also contains the free propagator for particle i. By selecting the
residues of the pole for particle 1 (putting i = 1) and the bound-state of particles 2 and 3,
the conjugate state two-body scattering state with incoming-wave boundary conditions can
be identified as
〈
Φ1(−)
∣∣ = 〈Γ(2)1;p1, s1∣∣G1BS
[
1−
3∑
k=0
3∑
i=0
B1kT
kiG0BS
]
=
〈
Φ(2)1;p1, s1
∣∣ [1− 3∑
k=0
3∑
i=0
B1kT
kiG0BS
]
, (38)
〈
Φ1(−)
∣∣ = 3∑
i=0
〈
Φ1(−)i
∣∣ , (39)
〈
Φ1(−)i
∣∣ = 〈Φ(2)1;p1, s1∣∣
[
δ1i −
∑
k 6=1
T kiG0BS
]
. (40)
A similar expression can be obtained for the wave function with outgoing-wave boundary
conditions.
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All of the wave functions satisfy the wave equation
G−1|Ψ >= 0 . (41)
B. Electromagnetic current in Bethe-Salpeter framework
The three-body Bethe-Salpeter current can be determined by considering all diagrams
contributing to the seven-point function with six legs corresponding to the three incoming
and outgoing particles and one photon leg. By separating the diagrams into three-particle
reducible and irreducible contributions the current operator can be identified as the sum of
all irreducible seven-point functions. There will be three types of contributions: one-body
contributions where the photon attaches to only one of the interacting particles, two-body
contributions where the photon attaches internally to a two-body interaction, and three-
body contributions where the photon attaches internally to a three-body interaction.
The one-body currents are of the form
J tµ = −Jµt G
−1
r G
−1
s , (42)
where t = 1, 2, 3, r 6= s 6= t and Jµt is the vertex for attaching a photon to particle t, for
which qµJ
µ
t =
[
et(q), G
−1
t
]
. Each of these currents satisfies the Ward-Takahashi identities
qµJ
tµ =
[
et(q), (G
0
BS)
−1
]
. (43)
As in the case of two-particle system [14, 15], the two- and three-body currents follow
from attaching a photon line to all particle lines and into momentum-dependent vertices
internal to the two- and three-body Bethe-Salpeter kernels. Defining J
(2)µ
rs as the two-body
current as extracted from the two-body problem and J (3)µ as the completely connected
three-body current, the exchange current for the three-body system can be written as
J tµex =

 J
(2)µ
rs iG
−1
t , t = 1, 2, 3 (r 6= s 6= t)
J (3)µ, t = 0
(44)
which satisfies the Ward-Takahashi identities
qµJ
tµ
ex =

 [er(q) + es(q),V
t] , t = 1, 2, 3 (r 6= s 6= t)
[eT (q),V
0] , t = 0
(45)
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FIG. 1: This Feynman diagram represents part a contribution to the seven-point function. The
particles are label 1 to 3 from top to bottom. The ovals represent two-body scattering matrices.
where eT (q) = e1(q) + e2(q) + e3(q).
Summation of the diagrams to give the seven-point function must be done with consider-
able care [10]. The three-body Bethe-Salpeter equation is based on Feynman perturbation
theory rather than on time-ordered perturbation theory as in the non-relativistic case. So
far this difference has been manifest only in the need to introduce inverse propagators into
some of the operators in order to obtain equations with a similar structure to the non-
relativistic case and in the fact that the implied integrals are four-dimensional rather than
three-dimensional. The problem with seven-point function can be seen by considering Fig. 1.
Here the virtual photon is absorbed on particle 1 and is preceded by two-body interactions
between particles 1 and 2. Between these interactions is two-body t-matrix for particles 2
and 3. Since this is a Feynman diagram, there is no ordering implied between the absorbed
photon and the t-matrix for particles 2 and 3. In summing the interactions this t-matrix
can either be associated with the sum on the left or with the sum on the right, but not with
both. As a result, if we associate this interaction with the right hand sum the last interac-
tion to the right must be between particles two and three while the first interaction on the
left must be between particles 1 and 2. This requires that there must be a restricted sum
between three-body scattering matrices which occur on either side of a one-body current.
The possibility of double-counting this contribution was pointed out in [11]. The seven-point
12
function can then be written as
Gµ = −
3∑
t=1
(
G0BS −G
0
BS
3∑
i,j=0
T ijBjtG
0
BS
)
J tµ
(
G0BS −G
0
BS
3∑
k,l=0
T klG0BS
)
−G
(
3∑
t=0
J tµex
)
G , (46)
where the restricted sum is represented by the Bjt associated with the left-hand t-matrix.
While the exchange current term is nicely factored with complete interacting six-point propa-
gators on the left and right of the current operator, the one-body current term is not factored
in this way. This factorization can be accomplished by using the identity
G−1
(
G0BS −G
0
BS
3∑
i,j=0
T ijBjtG
0
BS
)
= 1 + V tG0BS = 1 + V
tiGtBS , (47)
to rewrite the seven-point propagator (46) as
Gµ = −G
(
3∑
t=1
(
(1 + V tG0BS)J
tµ + J
(2)µ
t G
−1
t
)
+ J (3)µ
)
G
= −G
[
3∑
t=1
J tµ +
3∑
t=0
J tµint
]
G , (48)
where we have defined the one-body and interaction currents in three-particle space J tµ and
J tµint, respectively, by eq. (42) and by
J tµint = J
tµ
ex + iV
tJµt for t 6= 0 , (49)
J0µint = J
0µ
ex = J
(3)µ , (50)
since
V tG0BSJ
tµ = iV tJµt (51)
behaves like a two-body current. Thus, the total Bethe-Salpeter current is identified as
Jµeff =
3∑
t=1
J tµ +
3∑
t=0
J tµint = J
(1)µ + Jµint , (52)
and the WT identity for this current can be easily shown to be
qµJ
µ
eff =
[
eT (q),G
−1
]
. (53)
This along with the wave equation for the bound and scattering states implies that matrix
elements of this current between any three-body states is gauge invariant:
qµT
µ = qµ < Ψ
′| Jµeff |Ψ >= 0 . (54)
13
FIG. 2: A diagrammatic representation of the interaction current resulting from the symmetric
factorization of the seven-point function. The rectangular box represents the two-body Bethe-
Salpeter kernel and the rectangular box with attached photon represents the corresponding two-
body electromagnetic current.
C. Identical particles
For the case of identical particles it is necessary to explicitly symmetrize the n-point
functions. In particular, the transition to the corresponding functions for the Gross equation
is simplified by writing the n-point functions in terms of explicitly symmetrized interactions.
Any full operator (summed over all three particles) R (e.g. R = V, T ,G, J (1)µ, Jµint, J
µ
eff , . . . )
commutes with any particle interchange operator Pij : R = PijRPij . Therefore we can write
for its symmetrized form R
R = A3R = RA3 = A3RA3 , (55)
R = A3R = RA3 , (56)
where the normalized three-body symmetrization operator is
A3 ≡
1
3!
(1 + ζP12 + ζP13 + ζP23 + P4 + P5)
=
1
3!
(1 + ζPij) (1 + ζPik + ζPjk) = A
k
2 Πk
=
1
3!
(1 + ζPik + ζPjk) (1 + ζPij) = ΠkA
k
2 , (57)
with ζ = 1 (ζ = −1) for bosons (fermions), respectively, and with
P4 = P13P12 = P23P13 = P12P23 ,
P5 = P23P12 = P12P13 = P13P23 , (58)
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and with Ak2 being the two body symmetrization operator acting in the two-body subspaces
of particles i and j (where i 6= j 6= k) and the sum of additional exchanges mixing this
subspace with other channel, which we denote Πk:
Ak2 =
1
2
(1 + ζPij) , (59)
Πk =
1
3
(1 + ζPki + ζPkj) . (60)
Note that A3 = A3A
k
2 = A
k
2A3 for any k. We will exploit this property in the following
discussion.
The symmetrized t-matrix reads
T = A3T = V − V G
0
BST = V − TG
0
BSV , (61)
with V being the symmetrized potential:
V = A3V = A3V
0 +
3∑
i=1
Πi V iiG
−1
i , (62)
where V i = Ai2V
i is the symmetrized two particle interaction. The symmetrized six-point
function can then be written as
G = A3G = A3G
0
BS −G
0
BSTG
0
BS = A3G
0
BS −G
0
BSV G = A3G
0
BS −GV G
0
BS . (63)
From eqs. (61,63) the symmetrized bound and scattering state wave functions follow as in
previous section. It is easy to see that for full wave functions it holds
|Ψs >= A3|Ψ > . (64)
One can also define the symmetrized Faddeev components of wave functions:
|Ψ0s > = A3|Ψ
0 > , (65)
|Ψis > =
1
3
(
Ai2|Ψ
i > +ζPijA
j
2|Ψ
j > +ζPikA
k
2|Ψ
k >
)
, (66)
where i 6= j 6= k. Making use of the symmetry relations (B48) the symmetrized wave
functions is expressed in terms of only two of these components:
|Ψs >= |Ψ
0
s > +(1 + ζP12 + ζP13)|Ψ
1
s >= |Ψ
0
s > +3Π1|Ψ
1
s > . (67)
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The symmetrized seven-point function can be written as
Gµ = A3G
µ = −GJµeff G , (68)
and the symmetrized current matrix elements are
T µ =< Ψ′s| J
µ
eff |Ψs > = < Ψ
′0
s | J
µ
eff |Ψ
0
s > +3 < Ψ
′0
s | J
µ
eff |Ψ
1
s > +
3 < Ψ
′1
s | J
µ
eff |Ψ
0
s > +3 < Ψ
′1
s | J
µ
eff (1 + 2ζP12)|Ψ
1
s > , (69)
where we have used the symmetry relations for the Faddeev components of wave functions
and the fact that the current commutes with any replacement operator Pij.
The BS formalism can be conveniently represented in the matrix notation with matrix
indices corresponding to the Faddeev components. This matrix notation is particularly useful
for further re-arrangement leading to the spectator formalism. We give a detail description
of this matrix notation in appendices.
IV. THE THREE-BODY GROSS EQUATION
A. T-matrix and wave functions
The three-body Gross equations can be obtained from the three-body Bethe-Salpeter
equations by placing two of the intermediate-state particles on their respective positive
energy mass shells. For amplitudes whose first or last interactions are two-body interactions,
one of these on-shell particles must be the spectator[5]. For amplitudes whose first of last
interaction are three-body interactions any pair of on-shell particle can be selected[5]. This
prescription will work only for three identical particles since it precludes the possibility that
the on-shell pair can form a bound state. Since the choice of two of the particles to be set
on shell clearly violates the quantum symmetry of the three-body system, it is necessary to
symmetrize the interaction kernels to impose the appropriate symmetry of the system, as
was done in the case of the two-body system [14].
The first step in obtaining the three-body Gross equation is to obtain the three-body
Bethe-Salpeter equation with symmetrized interactions. This can be done conveniently by
first expressing the Faddeev components of the various three-body Bethe-Salpeter ampli-
tudes in terms of four-dimensional matrices and vectors as described in Appendix A. The
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symmetrization can then also be described in terms of matrices as described in Appendix
B. Once the symmetrization is accomplished, it can be noted that the various Faddeev am-
plitudes can all be expressed in terms of only two types of amplitudes allowing the various
amplitudes to be written in terms of two-by-two matrices where the initial (final) interaction
is either a three-body interaction, or an interaction between particles 2 and 3. This is the
2-channel formalism of Appendix B. The three-body Gross equation can now be obtained
from this two-dimensional matrix form by constraining particles 1 and 2 to the positive-
energy mass shell. It can be done conveniently using the operator formalism introduced in
[14].
As described in [14], a particle can be placed on shell by picking up only the pole of the
propagator for this particle when performing energy-loop integrals for the Bethe-Salpeter
equation. This can be done by carefully examining these integrals for the various contribu-
tions to a given amplitude or by examining all of the Feynman diagrams associated with each
amplitude. This can be rather tedious. In [14], we developed an algebraic approach where
various products of operators are defined such that they reproduce the results obtained by
choosing poles in the energy integrals. This approach has the additional advantage that,
by starting from the corresponding Bethe-Salpeter amplitudes it is possible to obtain ex-
pressions for the Gross equation amplitudes that can be easily approximated to any order
in various expansion schemes. This was shown in detail for the two-body case in [14]. The
primary step in this approach is to replace the propagators for the on-shell nucleons using
the identity
Gi = iQi +∆Gi , (70)
where Qi is the operator that places the particle on shell and ∆Gi is the difference between
the full propagator and its on-shell contribution. Note that ∆Gi is simply the one-body
Feynman propagator with the wrong boundary condition.
Starting with the two-dimensional forms of the Bethe-Salpeter amplitudes, we replace
the three-body Feynman propagator with the sum of a piece with particles 1 and 2 on shell
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g12Q1Q2 and a remainder ∆g
1
2 using
G0BS = −G1G2G3 = −(iQ1 +∆G1)(iQ2 +∆G2)G3
= g12Q1Q2 +∆g
1
2 , (71)
g12 = G3 , (72)
∆g12 = (−iQ1∆G2 −∆G1iQ2 −∆G1∆G2)G3 . (73)
Substituting this into the two-dimensional form of the Bethe-Salpeter scattering matrix
(B84) gives
t = v − v δ (g12Q1Q2 +∆g
1
2) t , (74)
where the matrix δ is defined by (B76). This can in turn be reexpressed as a pair of coupled
equations as
t = u− ug12Q1Q2δ t = u− tg
1
2Q1Q2δ u , (75)
u = v − v∆g12δ u = v − u∆g
1
2δ v , (76)
where u is the quasipotential.
This system of equations is closed by multiplying from left and right by Q1Q2 which
leads to
t12 = u
1
2 − u
1
2 g
1
2 δ t
1
2 = u
1
2 − t
1
2 g
1
2 δ u
1
2 , (77)
where u12 = Q1Q2uQ1Q2 and t
1
2 = Q1Q2tQ1Q2.
Although (77) appears to be much like the three-body Beth-Salpeter equation (B84), it
is in fact much more complicated due to the quasipotential equation (76). The appearance
of the matrix δ in (76) means that, in general, the quasipotential matrix is also nondiagonal
whereas the Bethe-Salpeter kernel v is diagonal. In accordance with (B61) we denote
u =

 U00 U01
U10 U11

 . (78)
The off-diagonal components of u are the result of mixing contributions from the two- and
three-body Bethe-Salpeter kernels which results in contributions which are also completely
connected and behave as three-body interactions. The diagonal elements will also be compli-
cated by δ. The upper left-hand component U00 will always contain at least one contribution
from the three-body Bethe-Salpeter kernel in all of its terms, so it will always behave as a
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FIG. 3: Contributions to U11 up to second order in Bethe-Salpeter kernel. The rectangular boxes
represent the (symmetrized) two-body Bethe-Salpeter kernel, the crosses represent on-shell propa-
gators, the open circles represent the off-shell propagators and the filled squares represent factors
of the inverse one-body propagator.
three-body interaction even though contributions from the two-body Bethe-Salpeter kernel
will also occur.
The lower right-hand contribution U11 will also be complicated by this mixing. Figure 3
shows diagrams for U11 associated with the first iteration of (76):
U11 ≃
1
3
V
1
iG−11 −
1
3
V
1
iG−11 ∆g
1
2(1 + 2ζP12)iG
−1
1 V
1
. (79)
The rectangular boxes represent the two-body Bethe-Salpeter kernel for particles two and
three, the cross represents the on-shell propagator iQ1, the open circle represents the off-shell
propagator ∆Gi and the square box represents the inverse one-body propagator iG
−1
1 . These
diagrams therefore contain some ill-defined products such as Q1G
−1
1 that can be resolved
only when the quasipotential is used as part of some larger diagram. The resolution of
these products is then obtained by using the rules developed in [14] which are repeated in
Appendix C for convenience.
Note that in Fig. 3, particle 1 is disconnected from particles 2 and 3 in diagrams (a-d),
while the diagrams (e-g) are completely connected. In (77), the quasipotential appears only
with the external legs for particles 1 and 2 constrained to be on shell due to (C1) and (C2).
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FIG. 4: Selected diagrams contributing to U11 at third order in the Bethe-Salpeter kernels. The
large rectangular box represents the three-body Bethe-Salpeter kernel.
Using these, the completely constrained quasipotential contains only diagrams (a) and (b)
which are disconnected and have the form of two-body interactions. As we will see below,
the quasipotential with only the initial or final legs constrained can contribute to effective
current operator and diagrams (e) and (f) can appear in that role. Diagrams (c), (d) and
(g) will never contribute.
There will be many diagrams that contribute to U11 at the second iteration of (76).
Examples of such diagrams are shown in Fig. 4. Diagram (a) is disconnected and can
be categorized as a two-body interaction. Diagrams (b) and (c) are, however, completely
connected diagrams and are three-body interactions. Therefore, U11 contains both two- and
three-body interactions.
As a practical matter, it may be useful to separate the two- and three-body interactions.
This can be done by first defining a new, diagonal quasipotential
w = v − v∆g12αw = v −w∆g
1
2αv =

 A3W 0 0
0 1
3
W
1
iG−11

 , (80)
where the diagonal matrix α is given by (B65). Thus the upper left-hand component of w is
an iteration of the three-body Bethe-Salpeter kernel, while the lower right hand component
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is an iteration of the two-body Bethe-Salpeter kernel:
W
1
= V
1
− V
1
(−i∆G2G3)W
1
, (81)
i.e.,W
1
is the two-body spectator quasipotential for particles 2 and 3.The componentW 11 =
1
3
W
1
iG−11 is identical to the two-body contribution to U
11. Indeed, u is related to w by
u = w −w∆g12βu , (82)
where the matrix β is given by (B78). The matrix w can now be written as the sum of two-
and three-body contributions as
w = w(2) +w(3). (83)
Since w(2) is identical to the two-body content of u, u can be written as
u = w(2) + u(3). (84)
Substituting (83) and (84) into (82), the equation for the three-body contributions to u is
u(3) = w(3) −w∆g12βw
(2) −w∆g12βu
(3) . (85)
Equation (75) can be resumed to give
t =m−mQ1Q2g
1
2 β t , (86)
where
m = u− uQ1Q2g
1
2αm . (87)
Since, in general, u is not diagonal,m is also not diagonal and all of its components contain
three-body interactions. It is also useful to separate the two- and three-body contributions
to m. The two-body contribution will just contain iterations of the two-body contribution
to u. We can then define the two-body scattering matrix as
m(2) = w(2) −w(2)Q1Q2g
1
2αm
(2) . (88)
Substituting m =m(2) +m(3) into (87) and using (88) the three-body scattering matrix is
given by
m(3) = u(3) − u(3)Q1Q2g
1
2αm
(2) − uQ1Q2g
1
2αm
(3) . (89)
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As in the matrix form of BS equation (cf eqs. (B86,B87)), in the Gross formalism there
are two propagators, a right-hand one
g12R = g
1
21− g
1
2t
1
2δg
1
2 = g
1
21− g
1
2u
1
2δg
1
2R (90)
with the inverse
(g12R)
−1 = (g12)
−11+ u12δ , (91)
and a left-hand one
g12L = g
1
21− g
1
2δt
1
2g
1
2 = g
1
21− g
1
2Lδu
1
2g
1
2 (92)
with the inverse
(g12L)
−1 = (g12)
−11+ δu12 . (93)
The three-body bound-state vertex function can be obtained using (77) and the analytic
form of the t-matrix at the bound-state pole. The vertex function satisfies the equation
∣∣γ12〉 = −u12δg12 ∣∣γ12〉 = −m12βg12 ∣∣γ12〉 . (94)
From the non-linear form of the t-matrix equation in the Gross formalism
t12 = u
1
2 − t
1
2δg
1
2t
1
2 − t
1
2g
1
2δu
1
2δg
1
2t
1
2 (95)
we get the normalization condition for vertex function (94)
1 =
〈
γ12
∣∣ [ ∂g12
∂P 2
δ − g12δ
∂u12
∂P 2
δg12
]
P 2=M2
∣∣γ12〉 . (96)
The bound-state Gross wave function is defined as
∣∣ψ12〉 = g12 ∣∣γ12〉 . (97)
Using (94) it is straightforward to show that
(g12R)
−1
∣∣ψ12〉 = 〈ψ12∣∣ (g12L)−1 = 0 . (98)
The Gross wave functions for the scattering states can be obtained by considering the
analytic properties of (g12L)
−1, and then the effective current operator can be determined
in a similar fashion from the seven-point function (B105) and the substitution (71). An
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alternative approach is to express the Bethe-Salpeter wave functions in terms of the corre-
sponding Gross wave functions. To do this substitute (71) into the Mo¨ller operator giving
1− δtG0BS = 1− δt
(
g12Q1Q2 +∆g
1
2
)
= 1− δtg12Q1Q2 − δt∆g
1
2 . (99)
Using (75) to replace the t-matrix in the last term gives
1− δtG0BS = 1− δtg
1
2Q1Q2 − δ
(
u− tg12Q1Q2δu
)
∆g12
=
(
1− δtg12Q1Q2
) (
1− δu∆g12
)
. (100)
Similarly, the right-hand Mo¨ller operator can be rewritten as
1−G0BStδ =
(
1−∆g12uδ
) (
1− g12Q1Q2tδ
)
. (101)
By examining the bound-state pole in the t-matrices, we can find expressions for the Bethe-
Salpeter bound-state wave functions in term of the corresponding Gross wave functions:
〈ψ| =
〈
ψ12
∣∣ (1− δu∆g12) (102)
and
|ψ〉 =
(
1−∆g12uδ
) ∣∣ψ12〉 . (103)
The three-body scattering final state can be obtained directly from the two-dimensional
form of the corresponding Bethe-Salpeter state (B95) as
〈
ψ(−)
∣∣∣ = 1
4
〈p1, s1;p2, s2;p3, s3| A3d
T
[
1− δtG0BS
]
=
1
4
〈p1, s1;p2, s2;p3, s3| A3d
T
(
1− δtg12Q1Q2
) (
1− δu∆g12
)
=
〈
ψ
1(−)
2
∣∣∣ (1− δu∆g12) (104)
where 〈
ψ
1(−)
2
∣∣∣ = 1
4
〈p1, s1;p2, s2;p3, s3| A3d
T
[
1− δt12g
1
2
]
(105)
is the Gross three-body scattering state which satisfies the wave equation
〈
ψ
1(−)
2
∣∣∣ (g12L)−1 = 0 . (106)
Finding a similar relation for the two-body final scattering state is a little more compli-
cated since it contains a two-body bound state which also needs to be re-expressed in terms
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of the corresponding spectator wave function for two-body bound state as well as rewriting
a Mo¨ller operator of a slightly different form than that examined above. The two-body final
state in the two-dimensional matrix form is given by (B101)
〈
φ1(−)
∣∣ = 1
3
〈
Φ(2)1;p1, s1
∣∣A23 ( 0 1 ) (1− βtG0BS) . (107)
The symmetrized two-body spectator bound-state wave function is for particles 2 and 3 is
defined as ∣∣∣ϕ(2)2 〉 = Q2A23 ∣∣Φ(2)〉 . (108)
and satisfies the equation
(G−13 +W
11
22)
∣∣∣ϕ(2)2 〉 = 0 , (109)
where W
11
22 = Q2W
1
Q1Q2. The corresponding Bethe-Salpeter wave function can be ex-
pressed in terms of the spectator wave function one by
A23
∣∣Φ(2)〉 = [1− (−i∆G2G3)W 1] ∣∣∣ϕ(2)2 〉 . (110)
The asymptotic spectator state satisfies the equation〈
ϕ
(2)
2 ;p1, s1
∣∣∣ [G−13 +W 1122] = 0 , (111)
and the asymptotic state in (107) can be now written in terms of this spectator state as
〈
Φ(2)1;p1, s1
∣∣A23 = 〈ϕ(2)2 ;p1, s1∣∣∣Q1 [1−W 1 (−iQ1∆G2G3)] . (112)
From Q1∆g
1
2 = −iQ1∆G2G3, it follows
Q1
[
1−W
1
(−iQ1∆G2G3)
] (
0 1
)
= Q1
(
0 1
) (
1−αw∆g12
)
. (113)
The Bethe-Salpeter scattering state can now be written as
〈
φ1(−)
∣∣ = 1
3
〈
ϕ
(2)
2 ;p1, s1
∣∣∣ ( 0 1 ) (1−αw∆g12) (1− βtG0BS) (114)
Using the identity
(
1−αw∆g12
) (
1− βtG0BS
)
=
[
1−
(
1−αw∆g12
)
βtQ1Q2g
1
2
] (
1− δu∆g12
)
, (115)
this can be rewritten as
〈
φ1(−)
∣∣ = 1
3
〈
ϕ
(2)
2 ;p1, s1
∣∣∣ ( 0 1 ) [1− (1−αw∆g12)βtQ1Q2g12] (1− δu∆g12)
=
〈
φ
1(−)
2
∣∣∣ (1− δu∆g12) , (116)
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where 〈
φ
1(−)
2
∣∣∣ = 1
3
〈
ϕ
(2)
2 ;p1, s1
∣∣∣ ( 0 1 ) [1− (1−αw∆g12)βtQ1Q2g12] (117)
is the Gross two-body scattering state. It satisfies the equation
〈
φ
1(−)
2
∣∣∣ (g12L)−1 = 0 . (118)
B. Electromagnetic current
According to previous subsection, the relationship of the Bethe-Salpeter to Gross wave
functions always involves a factor of (1−∆g12uδ) for initial states and (1− δu∆g
1
2) for
final states. Any Bethe-Salpeter current matrix element can now be converted to the cor-
responding Gross matrix element by defining the effective current for the Gross equation as
j
1µ
2 eff = Q1Q2
(
1− δu∆g12
)
j
µ
eff
(
1−∆g12uδ
)
Q1Q2 , (119)
where jµeff is given by (B106) and (B107).
Contraction of the photon four-momentum with this effective current operator yields
qµj
1µ
2 eff = Q1Q2
(
1− δu∆g12
) (
eT (q)δg
−1
R − g
−1
L eT (q)δ
) (
1−∆g12uδ
)
Q1Q2
= Q1Q2
[
e3(q)δ
(
G−13 1+ uδ
)
−
(
G−13 1+ δu
)
e3(q)δ
]
Q1Q2
= e3(q)δQ1Q2(g
1
2R)
−1 − (g12L)
−1Q1Q2δe3(q) , (120)
where the rules of Appendix C have been used to simplify this expression (the proof is similar
to that for a two-body system described in detail in Sec. 3.2 of ref. [14]). This, along with
the wave equations for the Gross wave functions, implies that the current is conserved.
To bring the expression for the effective current to a form that can be more readily used
for practical calculation requires use of the non-associative algebra for the on-shell operators
Qi and the propagators developed in [14] and summarized in Appendix C. The pieces of
primary concern are those involving the one-body current and can be simplified with the
following identities:
Q1Q2J
(1)µQ1Q2 = Q1Q2J
µ
3 , (121)
Q1Q2J
(1)µ∆g12 = Q1Q2 (J
µ
1G1 + J
µ
2G2) , (122)
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∆g12J
(1)µQ1Q2 = (G1J
µ
1 +G2J
µ
2 )Q1Q2 (123)
and
∆g12J
(1)µ∆g12 = − (iQ1J
µ
1G1 +G1J
µ
1 iQ1)∆G2G3 − (∆G1J
µ
1∆G1)G2G3
−∆G1 (iQ2J
µ
2G2 +G2J
µ
2 iQ2)G3 −G1(∆G2J
µ
2∆G2)G3
+ (−iQ1∆G2 −∆G1iQ2 −∆G1∆G2) (G3J
µ
3G3) . (124)
In these expressions we have used the identity QiJiQi = 0 (C6) to give QiJi∆Gi = QiJiGi
and ∆GiJiQi = GiJiQi. The corresponding part of the effective spectator current then
reads:
j
1µ
2 eff,IA = Q1Q2 [J
µ
3 δ − δu(G1J
µ
1 +G2J
µ
2 )δ − δ(J
µ
1G1 + J
µ
2G2)uδ
+δu(∆g12J
(1)µ∆g12)δuδ
]
Q1Q2 , (125)
where ∆g12J
(1)µ∆g12 from the last term is given by eq. (124).
The interaction current also contains a piece containing the one-body current operator
that resulted from our symmetric separation of the seven-point function into a current
operator and six-point propagators:
jµsym =
1
3

 0
1

 iV 1Jµ1 ( 0 1 ) . (126)
Contributions from this current can be simplified using the identities:
Q1Q2iV
1
Jµ1Q1Q2 = 0 , (127)
Q1Q2iV
1
Jµ1∆g
1
2 = −(Q1J
µ
1G1)(Q2iV
1
G2G3) , (128)
∆g12iV
1
Jµ1Q1Q2 = −(G1J
µ
1Q1)(G2G3iV
1
Q2) , (129)
and
∆g12iV
1
Jµ1∆g
1
2 = (iQ1J
µ
1G1)(∆G2G3iV
1
G2G3) + (G1J
µ
1 iQ1)(G2G3iV
1
∆G2G3)
+(∆G1J
µ
1∆G1)(G2G3iV
1
G2G3) . (130)
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The corresponding effective spectator current is given by:
j
1µ
2 eff,sym = Q1Q2
1
3
δ

uδ

 0 0
0 G1J
µ
1 iV
1
G2G3

+

 0 0
0 Jµ1G1iV
1
G2G3

 δu
+uδ

 0 0
0 ∆g12iV
1
Jµ1∆g
1
2

 δu

 δQ1Q2 . (131)
The two-body exchange current part of the interaction current is
j(2)µ =
1
3

 0
1

 J1µex ( 0 1 ) , (132)
where J
1µ
ex = iG
−1
1 J
(2)µ
23 . Contributions from this current can be simplified using the identities
Q1Q2 J
1µ
ex Q1Q2 = Q1Q2J
(2)µ
23 Q2 , (133)
Q1Q2 J
1µ
ex∆g
1
2 = −iQ1Q2J
(2)µ
23 ∆G2G3 , (134)
∆g12 J
1µ
ex Q1Q2 = −iQ1∆G2G3J
(2)µ
23 Q2 (135)
and
∆g12 J
1µ
ex ∆g
1
2 = −Q1∆G2G3J
(2)µ
23 ∆G2G3 + i∆G1G2G3J
(2)µ
23 G2G3 . (136)
The spectator two-body exchange current is thus
j
1µ
2 eff,ex2 = Q1Q2
1
3
δ



 0 0
0 J
(2)µ
23

+ uδ

 0 0
0 ∆G2G3iJ
(2)µ
23

+

 0 0
0 iJ
(2)µ
23 ∆G2G3

 δu
+uδ

 0 0
0 ∆g12J
1µ
ex∆g
1
2

 δu

 δQ1Q2 . (137)
Since the Bethe-Salpeter three-body current is completely connected there is no simpli-
fication to the contributions from this current:
j
1µ
2 eff,ex3 = Q1Q2
(
1− δu∆g12
)
δ

 J0µex 0
0 0

 δ (1−∆g12uδ)Q1Q2 , (138)
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The full effective spectator current is the sum of these four contributions
(125,131,137,138):
j
1µ
2 eff = j
1µ
2 eff,IA + j
1µ
2 eff,sym + j
1µ
2 eff,ex2 + j
1µ
2 eff,ex3 . (139)
Clearly, this effective current is quite complicated in its complete form and would corre-
spond to a large number of Feynman diagrams. For the purpose of comparing these result
to those of [10] and [13] it is useful to compare the simplest case where the interaction is
given by a one-boson-exchange kernel and no three-body contributions are present.
V. SPECTATOR FORMALISM IN THE ONE-BOSON-EXCHANGE APPROXI-
MATION
The expressions presented above for the spectator formalism are exact. However, in any
practical calculation using either the Bethe-Salpeter or spectator approaches it is necessary
to approximate the equations by truncating the kernels. This is usually done by expanding
the kernels in the number of meson exchanges. Indeed, the only solutions that have been
obtained for the three-body spectator equations at this time are in the one-boson-exchange
approximation. Care must be taken in truncating the kernel in order to maintain the wave
equations and Ward identities. In this section, we will simplify the general expressions to
the case of the one-boson-exchange (OBE) approximation.
In the OBE approximation the quasipotentials u and w are equal to Bethe-Salpeter
kernel v and there are no three-body forces or currents. Then the two-channel formalism
developed above reduces to just one independent channel: there is only one independent
component of the t-matrix, of the effective current and of the wave functions.
The general expressions for the wave functions and currents given in the previous section
can be reduced to this approximation by replacing u and w by
v =

 0 0
0 1
3
V
1
iG−11

 . (140)
This implies that the spectator t-matrix becomes
t12 =

 0 0
0 T 1122

 , (141)
28
where, using (77) with the shorthand notation P = 1+2ζP12 and V
11
22 = Q1Q2V
1
Q1Q2, the
nonzero component of t is given by [5]
T 1122 =
1
3
V
11
22 − V
11
22G3P T
11
22 =
1
3
V
11
22 − T
11
22 G3P V
11
22 . (142)
The propagators (90) and (92), and their inverses (91) and (93) in the subspace of this
symmetrized Faddeev component read:
g12R = G3 − 3G3 T
11
22 P G3 , (g
1
2R)
−1 = G−13 + V
11
22P , (143)
g12L = G3 − 3G3P T
11
22 G3 , (g
1
2L)
−1 = G−13 + P V
11
22 . (144)
The effective current, defined by (125,131,137,138,139), can be simplified by setting the
three-body Bethe-Salpeter current to zero, and keeping only terms involving a single boson
exchange. This means that in (125), only terms up to first order in u = v can be retained.
In (131) and (137), no terms containing u can be retained since the corresponding Bethe-
Salpeter currents already contain OBE contributions. Since the three-body current is set
to zero, j1µ2 eff,ex3 = 0. Using the rules from Appendix C, the effective current in the OBE
approximation is then (still in the two-channel notation):
j
1µ
2 eff = Q1Q2

Jµ3 δ − δ

 0 0
0 1
3
(
V
1
G2J
µ
2 + J
µ
2G2V
1
− J
(2)
23
)

 δ

Q1Q2 . (145)
To reduce it further to the effective operator in the one-channel space of the OBE approxi-
mation, we have to specify first the corresponding wave functions.
Since the three-body contributions have been eliminated, the bound-state wave function
(98) has only one nonzero component,
∣∣ψ12〉 ∼=

 0
|ψ12〉

 (146)
where
(g12R)
−1
∣∣ψ12〉 = 0 . (147)
This wave equation is represented diagrammatically by Fig. 5a.
The interaction-dependent part of the wave function (105) with the t-matrix (141) already
has only one component, but the free propagation of three particles is partially included in
the 0th channel, omitted now in the OBE approximation. Notice that the current (145)
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FIG. 5: Feynman diagrams representing (a) the bound-state wave equation, (b) the three-body
final-state wave function and (c) the two-body final-state wave function in the one-boson exchange
approximation.
always acts on the wave functions both from the left-hand and right-hand side with the
matrix δ. This actually holds for any properly symmetrized one- and two-body operator,
the matrix δ just counts all symmetrization factors. Under the action of δ the three-body
scattering wave function in the OBE approximation can be replaced by its one component
form
δ
∣∣∣ψ1(−)2 〉 = δ 14 (1− g12t12δ) dA3 |p1, s1;p2, s2;p3, s3〉
→

 1
P

A3 (1− 9G3T 1122 ) |p1, s1;p2, s2;p3, s3〉 = δ

 0∣∣∣ψ1(−)2 〉

 , (148)
∣∣∣ψ1(−)2 〉 = 13 (1− 9G3T 1122 )A3 |p1, s1;p2, s2;p3, s3〉 . (149)
which follows from identities A3P = 3A3 and
1
4
δ dA3 = A3

 1
P

 = δ

 0
1
3
A3

 , (150)
δ

 0
|ψ〉

 = 3

 1
P

 |ψ〉 . (151)
Also the three-body scattering wave function in the final state multiplied by the matrix δ
30
is just 〈
ψ
1(−)
2
∣∣∣ δ = (0,〈ψ1(−)2 ∣∣∣ ) δ . (152)
Thus in the considered OBE approximation the matrix elements of the current (145) should
be evaluated with the one-component scattering wave functions (149). This wave function
is diagrammatically represented by Fig. 5b. From the relations (142,144) the proper wave
equation 〈
ψ
1(−)
2
∣∣∣ (g12L)−1 = 0 (153)
follows, which indicates that the one-component expression (149) is the correct three-body
scattering wave function in the OBE approximation (i.e., not just effectively in the matrix
elements of operators proportional to symmetrizing matrix δ). This can indeed be verified by
repeating the whole construction of this paper for the theory without the explicit three-body
force.
Some care must be used in truncating the final two-body scattering state (117). The
factor 1−αw∆g12 must also be expanded in order for this wave function to satisfy the wave
equation in the OBE approximation. In this the factor w must be expanded to one order less
than the order of expansion. Since we are keeping only OBE terms, w should contain zero
boson exchanges which means that it should be set to zero. This state then also simplifies
to the one-component form
〈
φ
1(−)
2
∣∣∣ = (0, 〈φ1(−)2 ∣∣∣ ) , (154)〈
φ
1(−)
2
∣∣∣ = 1
3
〈
ϕ2Bs;p1, s1
∣∣Q1Q2 [1− 6ζP12T 1122G3] , (155)〈
φ
1(−)
2
∣∣∣ (g12L)−1 = 0 . (156)
This wave function is represented diagrammatically by Fig. 5c.
Since all wave function have in the OBE approximation only one non-zero component,
the matrix element of the effective current (145) can be with the help of (151) rewritten as
a matrix element of the effective one-component current (Jµeff)
11
22
〈ψ′| j1µ2 eff |ψ
′〉 = 〈ψ′| (Jµeff)
11
22 |ψ〉 , (157)
(Jµeff)
11
22 = Q1Q2 3
[
Jµ3P − P
(
V
1
G2J
µ
2 + J
µ
2G2V
1
− J
(2)
23
)
P
]
Q1Q2 , (158)
where ψ and ψ′ are any of the wave functions discussed above. The Ward identity for this
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FIG. 6: Feynman diagrams representing the effective current operator for the spectator equation
in the one-boson-exchange approximation.
current is
qµ (J
µ
eff)
11
22 = 3
{[
e3(q), G
−1
3
]
Q1Q2P − PQ1Q2
([
e2(q), V
1
]
−
[
e2(q) + e3(q), V
1
])
Q1Q2P
}
= 3
{[
e3(q), G
−1
3
]
Q1Q2P + P
[
e3(q), V
11
22
]
P
}
(159)
= 3
{
Q1Q2Pe3(q)(g
1
2R)
−1 − (g12L)
−1e3(q)Q1Q2P
}
. (160)
This, along with the wave equations, shows that the current matrix elements will be gauge
invariant.
Figure 6 provides a diagrammatic representation of all of the contributions to the one-
boson-exchange Gross current. The matrix elements for various processes can now be pro-
duced by combining the spectator wave functions with this effective current. Some simpli-
fication can be obtained by defining off-shell wave functions and scattering matrices. Doing
this leads to expressions coinciding with the results of [10] and [13].
VI. SUMMARY
In this paper, we have produced a comprehensive and general description of the three-
body spectator equations and the corresponding electromagnetic currents starting with the
three-body Bethe-Salpeter equations and using an operator formalism that has been devel-
32
oped for this purpose. Wave functions for bound state, and two- and three-body states are
presented along with the effective electromagnetic current operator. The results obtained
are exact and can be truncated for practical calculation. As an example we have shown
truncation according to the one-boson-exchange approximation is consistent with previous
results.
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APPENDIX A: MATRIX FORM OF THE BS EQUATION: DISTINGUISHABLE
PARTICLES
1. Propagators and wave functions
To make the equation for t-matrix, one can rewrite them by defining the matrix compo-
nents
V ij = V iiG−1i δij = V
iδij , i, j = 1, 2, 3 (A1)
V i0 = V0i = V 0δi0 = V
0δi0 , (A2)
and the same for matrices M. In terms of these, the equations for the three-body t-matrix
reads
T ij = V ij −
3∑
l=0
V ilG0BS
3∑
k=0
T kj =Mij −
3∑
l=0
MilG0BS
∑
k 6=l
T kj , (A3)
where i, j now run from 0 to 3. We will often use the matrix B with components
Bij ≡ 1− δij , (A4)
which allows to re-write the equation for t-matrix in the form:
T ij =Mij −
3∑
l,k=0
MilG0BSBlkT
kj . (A5)
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The above form suggests a convenient matrix notation in the “channel space” defined by
respective Faddeev components (T )ij = T
ij, i, j = 0, 1, 2, 3. In terms of such matrices
T = M−MG0BSBT = M− T BG
0
BSM (A6)
= V −VG0BS(1 +B)T = V − T (1 +B)G
0
BSV , (A7)
with
M = V − VG0BSM = V −MG
0
BSV . (A8)
The complete three-body t-matrix can be related to Faddeev components in the matrix
form by introducing four-dimensional vector
D =


1
1
1
1

 . (A9)
To sum over the channels one has to multiplying the corresponding matrix or vector by the
vector DT and/or D
T =
3∑
i,j=0
T ij = DTTD, (A10)
|Ψ〉 = DT |Ψ〉 , 〈Ψ| = 〈Ψ|D, (A11)
|Γ〉 = DT |Γ〉 , 〈Γ| = 〈Γ|D . (A12)
Substituting this into the six-point function (16)
G = G0BS −G
0
BSD
TTDG0BS, , (A13)
and using
DTD = 4 , (A14)
(1 +B)D = 4D , (A15)
the six-point propagator (16) is re-written as
G =
1
4
G0BSD
TD −G0BSD
TT
1
4
(1 +B)DG0BS
=
1
4
DT
[
G0BS −G
0
BST (1 +B)G
0
BS
]
D (A16)
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where G0BS = G
0
BS1. Note that in using (A15) in obtaining this result we could have as
easily used the transpose of this relation which would reverse the order of T and 1 +B.
We can therefore define two matrix propagators as
GR = G
0
BS −G
0
BST (1 +B)G
0
BS (A17)
and
GL = G
0
BS −G
0
BS (1 +B)T G
0
BS . (A18)
An additional useful form of the six-point propagator is obtained by substituting (A7) into
(A17)
GR = G
0
BS −G
0
BSV (1 +B)GR (A19)
and similarly from (A18) one gets
GL = G
0
BS − GL (1 +B)VG
0
BS . (A20)
The inverses of these propagators are
G−1R = (G
0
BS)
−1 + V (1 +B) , (A21)
G−1L = (G
0
BS)
−1 + (1 +B)V . (A22)
By construction DTGR,LD = 4G and D
TG−1R,LD = 4G
−1.
The bound and scattering state wave functions can be obtained from consideration of the
singularities of the t-matrix and propagator. First the three-body t-matrix has simple poles
at the location of bound states. The matrix form of the t-matrix can then be represented
as
T =
|Γ〉 〈Γ|
P 2 −M2 + iη
+R (A23)
where |Γ〉 is a vector of the bound state vertex functions and R is a matrix of the residual
parts of the t-matrix. Substituting (A23) into (A7) and extracting the residues of the
bound-state poles yields the equation for the vertex function
|Γ〉 = −VG0BS (1+B) |Γ〉 , (A24)
〈Γ| = −〈Γ| (1+B)G0BSV . (A25)
Defining, the Bethe-Salpeter wave function as |Ψ〉 = G0BS |Γ〉, this can be rewritten as[
(G0BS)
−1 + V (1+B)
]
|Ψ〉 = G−1R |Ψ〉 = 0 , (A26)
〈Ψ|
[
(G0BS)
−1 + (1+B)V
]
= 〈Ψ|G−1L = 0 . (A27)
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The normalization condition for the vertex function can be obtained from the nonlinear form
of the t-matrix equation
T = V − T G0BS (1+B)T − T (1+B)G
0
BSVG
0
BS (1+B)T . (A28)
Substituting (A23) into (A28) and isolating the residues of the simple pole yields
1 = −〈Γ|
∂
∂P 2
[
G0BS (1+B) +G
0
BS (1+B)V (1+B)G
0
BS
]∣∣∣∣
P 2=M2
|Γ〉
= 〈Γ|
[
∂G0BS
∂P 2
(1+B)−G0BS (1+B)
∂V
∂P 2
(1+B)G0BS
]
P 2=M2
|Γ〉 . (A29)
Since
DDT = 1+B , (A30)
this is equivalent to the normalization condition given in ref. [9].
The outgoing scattering wave function (33) can be re-written as
〈
Ψ(−)
∣∣ = 1
4
〈p1p2p3|D
T
(
1− (1+B)T G0BS
)
D , (A31)
from which one gets the corresponding vector in the space of Faddeev components:
〈
Ψ(−)
∣∣∣ = 1
4
〈p1p2p3|D
T
[
1− (1+B)TG0BS
]
, (A32)
where 〈
Ψ(−)
∣∣∣G−1L = 0 . (A33)
Similarly, the incoming scattering wave function (32) is
∣∣∣Ψ(+)〉 = 1
4
[
1−G0BST (1+B)
]
D |p1p2p3〉 (A34)
where
G−1R
∣∣∣Ψ(+)〉 = 0 . (A35)
The two-body scattering state for the three-body system can be obtained from (38) as
〈
Φ1(−)
∣∣ = 〈Φ(2)1,p1∣∣ ( 0 1 0 0 ) (1−BT G0BS)D . (A36)
The vector form of this state can then be identified as
〈
Φ1(−)
∣∣ = 〈Φ(2)1,p1∣∣ ( 0 1 0 0 ) (1−BT G0BS) . (A37)
36
where 〈
Φ1(−)
∣∣G−1L = 0 . (A38)
The initial two-body scattering wave function is
∣∣Φ1(+)〉 = (1−G0BST B)


0
1
0
0


∣∣Φ(2)1,p1〉 . (A39)
where
G−1R
∣∣Φ1(+)〉 = 0 . (A40)
2. Seven-point vertex function and current operators
The matrix form of the seven-point propagator can now be defined such that
Gµ =DTGµD. (A41)
Using this and the properties of D, the matrix form of the seven-point function is given by
Gµ = −
1
16
{[
1−G0BS (1 +B)T
]
G0BSJ
(1)µG0BS (1 +B)
[
1− T G0BS (1 +B)
]
+G0BS (1 +B)
[
1− T G0BS (1 +B)
]
J
µ
int
[
1−G0BS (1 +B)T
]
G0BS (1 +B)
}
= −
1
16
GL
[
J (1)µ (1 +B) + (1 +B)Jµint (1 +B)
]
GR (A42)
where
J (1)µ =
3∑
i=1
J iµ , (A43)
and we have introduced the diagonal matrix with components defined by (49,50):
J
µ
int = diag
(
J0µint, J
1µ
int, J
2µ
int, J
3µ
int
)
, (A44)
qµJ
µ
int = [eT (q),V] . (A45)
The effective current can then be identified as
J
µ
eff = J
(1)µ (1 +B) + (1 +B)Jµint (1 +B) . (A46)
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Since Jµint is diagonal, the last term can be identically re-written as (1 +B) J
µ
int, but the
form given above is more convenient for discussion below. Contraction of the four-momentum
transfer with the effective current gives
qµJ
µ
eff =
[
eT (q), G
0
BS
−1
]
(1 +B) + (1 +B) [eT (q),V] (1 +B)
= eT (q) (1 +B)G
−1
R − G
−1
L (1 +B) eT (q) . (A47)
So the current will be conserved.
APPENDIX B: MATRIX FORM OF THE BS EQUATION: IDENTICAL PAR-
TICLES
1. Propagators and wave functions
To symmetrize the matrix form of the Bethe-Salpeter amplitudes (A6, A7) we consider
first the diagonal matrices
Z = diag(Z0, Z1iG−11 , Z
2iG−12 , Z
3iG−13 ) , (B1)
where Z = V or M . Let us first symmetrize the components of this matrix in respect to the
exchange of interacting particles defining:
Z = AipZ = diag(A3Z
0, Z
1
iG−11 , Z
2
iG−12 , Z
3
iG−13 ) , (B2)
where (making use of PjkZ
iPjk = Z
i)
Z
i
= Ai2Z
i = Z iAi2 = A
i
2Z
iAi2 (B3)
and the diagonal matrix Aip is expressed in terms of the symmetrization operators (57,59):
Aip = diag(A3,A
1
2,A
2
2,A
3
2) . (B4)
Since
AipAip = Aip , (B5)
we can write
Z = AipZ = ZAip = AipZAip , (B6)
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and get the symmetrized equations for m-matrices in the form:
M = V − V G0BSM = V −MG
0
BSV . (B7)
Symmetrizing inside each channel, ie. in respect to interchange of interacting particles, does
not, of course, account for the total symmetrization, in particular, eg. DT V D 6= V = A3V,
where V defined in eq. (62) and enters as the driving term into equation for symmetrized t-
matrix (61). It is necessary to introduce the matrixAs that symmetrizes between individual
channels:
As =


1 0 0 0
0 1
3
1
3
ζP12
1
3
ζP13
0 1
3
ζP12
1
3
1
3
ζP23
0 1
3
ζP13
1
3
ζP23
1
3

 (B8)
satisfying
AsD =


1
Π1
Π2
Π3

 (B9)
where Πi are defined by eq. (60). It is easy to see that
DT AsZD = A3Z = A3Z
0 +
3∑
i=1
Πi Z
i
iG−1i = Z , (B10)
as required by eq. (62). The fully symmetrized matrix Z is therefore given by
Z = AsZ = (AsAip)Z = AZ
=


A3Z
0 0 0 0
0 1
3
Z
1
iG−11
1
3
ζP12Z
2
iG−12
1
3
ζP13Z
3
iG−13
0 1
3
ζP12Z
1
iG−11
1
3
Z
2
iG−12
1
3
ζP23Z
3
iG−13
0 1
3
ζP13Z
1
iG−11
1
3
ζP23Z
2
iG−12
1
3
Z
3
iG−13

 , (B11)
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where the full symmetrization matrix reads:
A = AsAip =


A3 0 0 0
0 1
3
A12
1
3
ζP12A
2
2
1
3
ζP13A
3
2
0 1
3
ζP12A
1
2
1
3
A22
1
3
ζP23A
3
2
0 1
3
ζP13A
1
2
1
3
ζP23A
2
2
1
3
A32


= AipAs =


A3 0 0 0
0 1
3
A12
1
3
A12ζP12
1
3
A12ζP13
0 1
3
A22ζP12
1
3
A22
1
3
A22ζP23
0 1
3
A32ζP13
1
3
A32ζP23
1
3
A32

 . (B12)
When summed over channels it reduces to the full symmetrization operator A3:
AD =DA3 , D
TA =DTA3 , (B13)
and with other matrices introduced above it satisfies the identities:
AipA = AAip = A , (B14)
AsA = AAs = A , (B15)
A2 = A , (B16)
AB = BA . (B17)
Note that the matricesAs andAip do not commute with the matrixB, althoughA = AsAip
does. From these identities several useful relations follow:
AZ = ZA = AZA , (B18)
Z = AZ = AsZ = ZAs = AsZAs = AZ = ZA , (B19)
Now we can symmetrize any general (non-diagonal) matrix in 4-channel space, eg. the three
particle t-matrix T :
T = AT A , (B20)
T = A3T = D
T TD . (B21)
The symmetrized matrix satisfies the identities
T = AT = TA = ATA (B22)
T = AipT = TAip = AipTAip (B23)
T = AsT = TAs = AsTAs , (B24)
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which allows to cast the matrix equation for the symmetrized t-matrix into the form:
T = M −MG0BSBT =M − TBG
0
BSM (B25)
= V − V G0BS(1 +B)T = V − T (1 +B)G
0
BSV . (B26)
Since according to (B19) Z = AsZ = AZ and matrices A and B commute, one can
re-write these equations into more convenient equivalent form in terms of diagonal matrices
M and V :
T = MAs −MG
0
BSBT =MAs − TBG
0
BSM (B27)
= VAs − V G
0
BS(1 +B)T = VAs − T (1 +B)G
0
BSV , (B28)
= VAs − TG
0
BS(1 +B)T − T (1 +B)G
0
BSV G
0
BS(1 +B)T . (B29)
Proceeding exactly the same way as in the previous appendix one gets from these relations
the dynamical equations and normalization conditions for the symmetrized bound state
amplitudes:
|Γs〉 = A |Γ〉 , (B30)
|Γs〉 = A |Γs〉 = As |Γs〉 = Aip |Γs〉 , (B31)
|Γs〉 = −V G
0
BS (1+B) |Γs〉 = −V G
0
BS (1+B) |Γs〉 , (B32)
1 = 〈Γs|
[
∂G0BS
∂P 2
(1 +B)−G0BS (1+B)
∂V
∂P 2
(1+B)G0BS
]
P 2=M2
|Γs〉 . (B33)
The symmetrized bound state wave function is defined by
|ΨBs〉 = G
0
BS |Γs〉 . (B34)
The scattering outgoing states are obtained in a straightforward way acting by the sym-
metrization matrix A on vectors (A32,A37) and using the fact that A commutes with
(1+B):〈
Ψ(−)s
∣∣∣ = 〈Ψ(−)∣∣∣A = 1
4
〈p1, s1;p2, s2;p3, s3|D
TA
[
1− (1+B)TG0BS
]
, (B35)〈
Φ1(−)s
∣∣ = 〈Φ1(−)∣∣A = 〈Φ(2)1;p1, s1∣∣ ( 0 1 0 0 )A (1−BTG0BS) . (B36)
From eqs. (A17,A18) one gets the symmetrized propagators
GR = G
0
BSA−G
0
BST (1 +B)G
0
BSA , (B37)
GL = G
0
BSA−G
0
BSA(1 +B)TG
0
BS , (B38)
41
and from eqs. (A21,A22) the inverse propagators
G−1R = AG
−1
R = (G
0
BS)
−1A+ V (1+B) , (B39)
G−1L = AG
−1
L = (G
0
BS)
−1A+ (1+B)V , (B40)
which satisfy
G−1R GR = GRG
−1
R = A , (B41)
G−1L GL = GLG
−1
L = A , (B42)
and in terms of which the generic equations for the symmetrized wave functions read
G−1R |Ψs〉 = 0 , (B43)
〈Ψs|G
−1
L = 0 . (B44)
Finally the 7-point function is:
Gµ = AGµ
= −
1
16
GL
[
J (1)µ (1 +B) + (1 +B)Jµint (1 +B)
]
GR (B45)
2. Reducing to two independent channels
The matrix elements of the symmetrized operators and components of the symmetrized
wave/vertex functions are connected by symmetry relations:
S0m = ζPijS
0m Sm0 = Sm0ζPij ,
∣∣Ψ0s〉 = ζPij ∣∣Ψ0s〉 , ∣∣Γ0s〉 = ζPij ∣∣Γ0s〉 , (B46)
Sir = ζPjkS
ir = SirζPst ,
∣∣Ψis〉 = ζPjk ∣∣Ψis〉 , ∣∣Γis〉 = ζPjk ∣∣Γis〉 , (B47)
Sir = ζPikS
kr = SitζPrt ,
∣∣Ψis〉 = ζPik ∣∣Ψks〉 , ∣∣Γis〉 = ζPik ∣∣Γks〉 , (B48)
for any m = 0, 1, 2, 3 and i 6= j 6= k 6= 0 (r 6= s 6= t 6= 0). This means that there are only
four independent components of the symmetrized matrices: S00, S01, S10, S11 and only two
independent components of the symmetrized wave (vertex) functions: Ψ0s,Ψ
1
s (Γ
0
s,Γ
1
s). The
symmetry relations were discussed in Section III of ref. ([9]) (for bound state wave function
in component form). Let us briefly show how they follow from matrix formalism used in
this paper.
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Let us introduce auxiliary matrices:
Aips = diag(ζPij, ζP23, ζP13, ζP12) , (B49)
Ass =


1 0 0 0
0 c11 c12ζP12 c13ζP13
0 c21ζP12 c22 c23ζP23
0 c31ζP13 c32ζP23 c33

 . (B50)
Obviously AipsAip = Aps for any i, j, therefore it holds AipsA = A and thus:
Aips |Ψs〉 = |Ψs〉 , (B51)
AipsS = SAips = S , (B52)
from which the relations (B46,B47) follow immediately. The matrix Ass mixes the channels
1,2,3 arbitrarily. With the help of relations PikPij = PijPjk and A
i
2ζPjk = ζPjkA
i
2 = A
i
2 it
is easy to show that
AssA = AssAsAip = A = AAss , (B53)
provided the coefficients cij satisfy
∑
i cij =
∑
i cji = 1 for any j. For the matrices Ass with
so restricted coefficients cij it then follows
Ass |Ψs〉 = |Ψs〉 , (B54)
AssS = SAss = S , (B55)
Putting now c12 = c23 = c31 = 1 and all others equal to zero, one gets the symmetry relations
(B48).
To reduce our 4 channel formalism from the previous section to 2 independent channels,
taking into account the symmetry relations (B46-B48) it is useful to introduce the matrix
X =


1 0
0 1
0 ζP12
0 ζP13

 , (B56)
with the help of which one can write
|Ψs〉 = X |ψ〉 , (B57)
|Γs〉 = X |γ〉 , (B58)
S = XsXT , (B59)
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where
|ψ〉 =

 |Ψ0s〉
|Ψ1s〉

 , |γ〉 =

 |Γ0s〉
|Γ1s〉

 , (B60)
s =

 S00 S01
S10 S11

 . (B61)
The relation (B61) holds for all fully symmetrized matrices, e.g., for S = T,M, V, . . . . Note,
that in particular for operators Z (diagonal for distinguishable particles, e.g., Z = V,M) it
follows from eq. (B11):
Z = AZ = AsZ =XzX
T , (B62)
z =

 A3Z0 0
0 1
3
Z
1
iG−11

 , (B63)
To invert the relation (B59) between S and s we introduce the matrices
Y =


1 0 0 0
0 1
3
0 0
0 0 1
3
0
0 0 0 1
3

 , (B64)
α = XTX =

 1 0
0 3

 , (B65)
where X and Y satisfy
XTY X = 1 . (B66)
For the symmetrization matrix we get from (B12)
aip =X
TY AY X =

 A3 0
0 1
3
A12

 =

 A3 0
0 1
6
(1 + ζP23)

 . (B67)
To sum over two channels we introduce the 2-dimensional vector D2:
D2 =X
TD =

 1
3Π1

 =

 1
1 + ζP12 + ζP13

 . (B68)
The total symmetrized wave function can now be written as
|Ψs〉 = D
T
2 |ψ〉 =
∣∣Ψ0s〉+ (1 + ζP12 + ζP13) ∣∣Ψ1s〉 , (B69)
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and analogously for the vertex function. Similarly, the full t-matrix is obtained by
T =DTTD =DTXtXTD =DT2 tD2 , (B70)
and analogously for any fully symmetrized matrix. Notice that
XXTYA = AY XXT = A . (B71)
Using this relation we easily get
s =XTY S Y X , S =XsXT , (B72)
r αs =XTY RS Y X , RS =XrαsXT . (B73)
Last equation shows that in translating the successive action of two 4-dimensional matrices
R and S into 2-channel formalism one has to include the matrix α which simply takes into
account the existence of the three channels connected by the symmetry relations (B48).
Notice in particular that the relation A = AA translates into
aip = aipαaip . (B74)
The equation for the vertex function and t-matrix contain also the matrices B and 1+B.
Although these matrices are not symmetrized (their components do not satisfy (B46-B48),
they are always multiplied by some fully symmetrized matrix (V ,M or V ) from which one
can pull out the symmetrization matrix A. In the transition to the two channel formalism
we can therefore consider instead the matrices AB and A(1 +B). Since 1 +B = DDT
and AD = A3D, one gets after simple algebra:
XTY (1+B)Y X = A3

 1 1
1 1

 = aip δ aip , (B75)
δ =

 1 3
3 3(1 + 2ζP12)

 . (B76)
From eqs. (B67) and (B75) it follows
XTY BY X = aip β aip , (B77)
β = δ −α =

 0 3
3 6ζP12

 . (B78)
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From these relations we obtain for products of the fully symmetrized matrices R or S and
matrices B and 1+B the following translation table between 4- and 2-channel formalism
4channel↔ 4channel 4channel↔ 4channel
(1+B)S ↔ aip δ s BS ↔ aip β s (B79)
R(1 +B)↔ r δ aip RB ↔ r β aip (B80)
R(1+B)S ↔ r δ s RBS ↔ r β s (B81)
3. T-matrix and wave functions in two channels
Making use of relations from the previous subsection we can now easily re-write the
equations for t-matrix and wave functions in the formalism with two independent channels.
Multiplying the equation (B7) for the m-matrix with As and using (B62) gives
m = v − vG0BS αm = v −mG
0
BS αv . (B82)
For the t-matrix we immediately get (from (B25-B26) with the help of relations (B79-B81):
t = m−mG0BS β t =m− tG
0
BSβm (B83)
= v − vG0BS δt = v − tG
0
BSδv (B84)
= v − tG0BSδt− tδG
0
BSvG
0
BSδt , (B85)
In a similar way we obtain from eq. (B37,B38) the 2-channel propagators:
g˜R = X
TY GR Y X = gR aip =
(
G0BS1−G
0
BS t δG
0
BS
)
aip , (B86)
g˜L = X
TY GL Y X = gL aip =
(
G0BS −G
0
BS δ tG
0
BS
)
aip . (B87)
It is convenient to separate the symmetrization matrix aip from the full propagators g˜R,L
and define gR,L as above. With the help of (B84) one gets for gR,L
gR = G
0
BS1−G
0
BS t δG
0
BS = G
0
BS1−G
0
BS v δ gR , (B88)
gL = G
0
BS1−G
0
BS δ tG
0
BS = G
0
BS1− gL δ vG
0
BS , (B89)
and for the inverse matrices
g−1R = 1 (G
0
BS)
−1 + v δ , (B90)
g−1L = 1 (G
0
BS)
−1 + δ v . (B91)
46
For the bound state vertex function we get form (B32):
|γ〉 = −v δG0BS |γ〉 = −mβG
0
BS |γ〉 , (B92)
or equivalently
g−1R G
0
BS |γ〉 = g
−1
R |ψ〉 = 0 . (B93)
The corresponding normalization can be obtained either from (B32) or from non-linear form
of the t-matrix equation (B85):
1 = 〈γ|
[
∂G0BS
∂P 2
δ −G0BSδ
∂v
∂P 2
δG0BS
]
P 2=M2
|γ〉 . (B94)
The 2-channel three particle scattering function is defined by
〈
ψ(−)
∣∣∣ = 〈Ψ(−)s ∣∣∣ Y X
=
1
4
〈p1, s1;p2, s2;p3, s3| (D
TAY X)
[
1−αaip δ tG
0
BS
]
=
1
4
〈p1, s1;p2, s2;p3, s3| A3d
T
[
1− δ tG0BS
]
= 〈p1, s1;p2, s2;p3, s3| A3
[
1
4
dT −DT2 tG
0
BS
]
, (B95)
where
dT =
(
1 1
)
(B96)
and we have used
DTAY X = DTA3Y X = A3 d
T , (B97)
A3αaip = A3 1 , (B98)
A3 d
T δ = 4A3D
T
2 . (B99)
The scattering wave function satisfies
〈
ψ(−)
∣∣∣ g−1L = 0 . (B100)
In a similar way:
〈
φ1(−)
∣∣∣ = 〈Φ1(−)s ∣∣∣ Y X
=
〈
Φ(2)1,p1
∣∣ ( 0 1 0 0 )AY X [1−αaip β tG0BS ]
=
〈
Φ(2)1;p1, s1
∣∣ ( 0 1 )aip (1− βtG0BS) , (B101)
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where we have used
AY X = Xaip , (B102)(
0 1 0 0
)
X =
(
0 1
)
. (B103)
Also this wave function satisfies:
〈
φ1(−)
∣∣ g−1L = 0 . (B104)
4. The BS electromagnetic current for identical particles
The symmetrized seven point Green’s function (B45) is in two-channel notation reduced
to:
gµ = −
1
16
aipgL
[
J (1)µδ + δjµintδ
]
gRaip , (B105)
where
j
µ
eff = J
(1)µδ + δjµintδ (B106)
with
j
µ
int =

 A3J0µint 0
0 1
3
A12J
1µ
int

 =

 J0µint 0
0 1
3
J
1µ
int

 . (B107)
From divergences of the one-particle and interaction currents
qµJ
(1)µ =
[
eT (q), G
0
BS
−1
]
, (B108)
qµδj
µ
intδ = [eT (q), δvδ] , (B109)
the two-channel form of the total WT identity follows:
qµj
µ
eff = eT (q)δg
−1
R − g
−1
L eT (q)δ . (B110)
APPENDIX C: RULES FOR RESOLVING PRODUCTS OF OPERATORS
This appendix contains a summary of the rules for resolving products of singular operators
obtained in [14].
Rule 1:
iQiG
−1
i iQi → iQi . (C1)
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Rule 2:
iQiG
−1
i ∆Gi = ∆GiG
−1
i iQi → 0 , (C2)
Rule 3:
∆GiG
−1
i ∆Gi → ∆Gi . (C3)
Note that these identities all refer to products where G−1i is inserted between factors of
Z1i = iQi or Z
2
i = ∆Gi, and can be summarized by the compact statement
Zℓi G
−1
i Z
ℓ′
i → δℓℓ′ Z
ℓ
i .
For operators O other than Zℓi ,
Rule 4:
∆GiG
−1
i Oi = OiG
−1
i ∆Gi → Oi , (C4)
Rule 5:
iQiG
−1
i Oi = OiG
−1
i iQi → 0 . (C5)
Hence ∆GiG
−1
i → 1 and iQiG
−1
i → 0 for all operators Oi except Z
ℓ.
The one-body current operator satisfies
Rule 6:
QiJiQi → 0 (C6)
The algebra of these operators is nonassociative so it is necessary to perform these op-
erations by first applying rules 1–5 to eliminate all occurrences of the inverse one-body
propagator G−1i then apply rule 6.
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